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Abstract: Going one step further in Zak’s classification of Scorza varieties with
secant defect equal to one, we characterize the Veronese embedding of Pn given
by the complete linear system of quadrics and its smooth projections from a
point as the only smooth irreducible complex and non-degenerate projective
subvarieties of PN that can be projected isomorphically into P2n when N ≥(
n+2
2
)
− 2.
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1 Introduction
Any smooth complex projective variety X ⊂ PN of dimension n such that
N ≥ 2n + 1 can be projected isomorphically into P2n+1 by simply choosing a
center of projection not meeting the closure of the secant lines to X ⊂ PN . As
usual in projective geometry, associated to this general property a problem of
classification appears: to find the complete list of those non-degenerate smooth
complex projective varieties of dimension n that can be projected isomorphically
into P2n. This problem is solved in low dimension. A smooth non-degenerate
curve C ⊂ PN (N ≥ 3) cannot be projected isomorphically onto a plane curve.
For n = 2 a complete list of surfaces with this property was achieved by Severi
in [S]:
Theorem 1.1. Let X ⊂ P5 be a smooth irreducible complex and non-degenerate
projective surface. If X can be projected isomorphically into P4, then X is the
Veronese surface v2(P2) ⊂ P5.
The case n = 3 was first considered by Scorza in [Sc1] and completed by
Fujita in [Fu] (see Theorem 2.1). When n = 4 only some partial results are
1
known, see [Sc2] and [FuR], where an infinite list of examples is shown. Hence
the problem of getting a complete classification for arbitrary dimension seems
far from being reached. However, if N is big enough, Zak’s Theorem on Scorza
varieties [Z2, Ch. VI] shows that Severi’s Theorem can be generalized in the
following way:
Theorem 1.2. Let X ⊂ PN be a smooth irreducible complex and non-degenerate
projective variety of dimension n ≥ 2. Let N(n) be
(
n+2
2
)
− 1. If X can be
projected isomorphically into P2n, then N ≤ N(n) with equality if and only if
X is the second Veronese embedding v2(Pn) ⊂ PN(n).
The main result in the paper is an extension of this theorem, conjectured in
[ASU], where a similar statement was proved for subvarieties of grassmannians
of lines:
Theorem 1.3. Let X ⊂ PN be a smooth irreducible complex and non-degenerate
projective variety of dimension n and let N ≥ max{N(n)− 1, 2n+1}. If X can
be projected isomorphically into P2n then one of the following holds:
(a) X = v2(Pn) ⊂ PN(n);
(b) X is either the isomorphic projection of v2(Pn) into PN(n)−1 or its inner
projection Bn ⊂ PN(n)−1.
Let us observe that, as noted above, the center of an isomorphic projection
of X ⊂ P2n+1 into P2n cannot intersect the secant variety of X . Hence the
property of being projectable isomorphically into P2n is equivalent to the fact
that the dimension of the secant variety is smaller than the expected one (which
is 2n+ 1). A variety X ⊂ PN with this property on the dimension of its secant
variety is called 1-defective and the difference between the actual dimension and
the expected one is called the 1-secant defect of X ⊂ PN . By Terracini’s Lemma
(cf. Lemma 2.5) the dimension of the secant variety can be computed by looking
at the linear space spanned by two general projective tangent spaces to X . This
shows that 1-defectivity corresponds to the fact that the linear projection of
X from a general tangent space (the tangential projection) is not of maximal
rank. It is now when tangential projections enter into the picture. Concretely,
Theorem 1.3 is an immediate consequence of the following result:
Theorem 1.4. Let X ⊂ PN be a smooth irreducible complex and non-degenerate
projective variety of dimension n. Assume X is 1-defective and consider k < k0
a positive integer, where k0 is the least integer verifying S
k0X = PN .
2
(a) If the general k-tangential projection of X is v2(Pn−k) ⊂ PN(n−k), then
X is v2(Pn) ⊂ PN(n).
(b) If the general k-tangential projection of X is a projection of v2(Pn−k) into
PN(n−k)−1, then X is either v2(Pn) ⊂ PN(n)−1 or Bn ⊂ PN(n)−1.
In order to prove Theorem 1.4 we use tangential projections to reduce the
problem to smaller dimension, so that an inductive procedure on the dimension
of X ⊂ PN can be achieved. Another ingredient in this proof is Zak’s bound
on N in terms of the secant defect of X ⊂ PN (cf. [Z2, Ch. VI]). Note that
we reobtain this bound in Section 3 as a consequence of the basic properties of
tangential projections.
Let us also remark that our proof of Theorem 1.3 does not rely on Theorem
1.2 but we reprove it in a different way. In particular we have avoided the use
of the smoothness of the so-called entry loci of X ⊂ PN , which is necessary in
Zak’s proof of Theorem 1.2.
The structure of the paper is the following: We start by recalling the notions
of secant defects and tangential projections of a projective variety in Section 2.
In Section 3 we introduce the drop sequence of a projective variety X , i.e. the
sequence of coranks of the successive tangential projections of X . In Section 4
we develop the proof of Theorem 1.4 using the tools described in Sections 2 and
3. Finally, in Section 5, we obtain Theorem 1.3 as a consequence of Theorems
1.4 and 2.1.
2 Preliminaries
We begin this section by recalling the definition of secant defects of a projec-
tive variety. Subsection 2.2 deals with the definition and basic properties of
tangential projections.
2.1 Secant varieties and defects
Throughout the paper X ⊂ PN will denote a complex irreducible projective
variety of dimension n.
We consider the sequence of secant varieties of X , that is,
X ( S1X = SX ( S2X ( · · · ( Sk0X
where the k-secant variety is defined as:
SkX = {z ∈ 〈x0, . . . , xk〉 | (x0, . . . , xk) ∈ U},
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being 〈x0, . . . , xk〉 ⊂ PN the linear span of the points x0, . . . , xk ∈ X , U =
{(x0, . . . , xk) ∈ X
k+1 | dim(〈x0, . . . , xk〉) = k} and k0 the least integer such
that Sk0X = 〈X〉 ⊂ PN . The expected dimension of SkX is (k + 1)n + k and
for k ≤ k0 we denote the difference with the actual dimension by δk(X) and
we call it the k-secant defect of X ⊂ PN . We also set δk(X) = 0 for k ≤ 0. If
δk(X) > 0 then X ⊂ PN is said to be k-defective. We will write δk instead of
δk(X) when there is no ambiguity.
As said in the introduction, the study of 1-defective, not necessarily smooth,
varieties of small dimension goes back to Severi [S] and Scorza [Sc1] (see also
[Fu] and [ChC1]), who completed the classification for dimension two and three,
respectively.
Theorem 2.1. Let X ⊂ PN be a non-degenerate 1-defective projective variety.
(a) If dim(X) = 2 and N ≥ 5, then X is either a cone over a curve or the
Veronese surface v2(P2) ⊂ P5.
(b) If dim(X) = 3 and N ≥ 7, then one of the following holds:
(i) X is a cone,
(ii) X lies in a 4-dimensional cone over a curve,
(iii) X ⊂ P7 is contained in a 4-dimensional cone over the Veronese sur-
face v2(P2) ⊂ P5,
(iv) X = v2(P3) ⊂ P9 or one of its projections into P8 or P7,
(v) X ⊂ P7 is a hyperplane section of the Segre embedding P2×P2 ⊂ P8.
For Y ⊂ X ⊂ PN define the relative secant variety of X with respect to Y as
S(Y,X) = {z ∈ 〈y, x〉 | y ∈ Y, x ∈ X, y 6= x}.
We denote by TxX ⊂ PN the projective tangent space to X at a point x ∈ X .
If Y is contained in the smooth part of X then the relative tangent variety of
X with respect to Y is defined as
T (Y,X) =
⋃
y∈Y
TyX.
Let us recall the following useful consequence [Z2, Ch. I, Thm. 1.4] of Fulton-
Hansen’s Theorem [FH].
Lemma 2.2. Let X ⊂ PN be a projective variety and let Y ⊂ X be an irre-
ducible closed subset contained in the smooth part of X. Then either:
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(a) dim(T (Y,X)) = dim(Y ) + dim(X) = dim(S(Y,X))− 1, or
(b) T (Y,X) = S(Y,X).
The last definition of this section is the following: for a general u ∈ SkX the
entry locus of u is defined as
Eu(X) = {x ∈ X | there exists x′ ∈ Sk−1X, u ∈ 〈x, x′〉}.
Remark 2.3. Note that a simple count of dimensions shows that dim(Eu(X)) =
δk − δk−1 for general u ∈ SkX .
Throughout the paper, given a rational map pi : X → Y and closed sets
C ⊂ X , D ⊂ Y , we will denote by pi(C) and by pi−1(D) the strict transforms of
C in Y and of D in X , respectively.
2.2 Tangential projections
Let us recall the definition of tangential projection. We refer the interested
reader to [Ru] for a more detailed account. Let us remark that tangential
projections have been used in other problems regarding projective varieties with
special properties on their projections (see, for instance, [B], [ChC1], [ChC2],
[CMR], [Ch], [CR]).
Definition 2.4. Consider the notations of Section 2.1. Given k ≤ k0 and
(x1, . . . , xk) ∈ U general, pik : X → Xk stands for the linear projection of X
onto its image Xk from the linear space 〈Tx1X, . . . , TxkX〉, and we call it the
k-tangential projection of X ⊂ PN . A 1-tangential projection is simply called
tangential projection.
The following lemma shows how tangential projections can be applied to
compute the dimension of the secant varieties (cf. [T]):
Lemma 2.5 (Terracini’s Lemma). Let X ⊂ PN be a projective variety and
u ∈ SkX a general point in a general (k + 1)-secant k-space 〈x0, . . . , xk〉. Then
TuS
kX = 〈Tx0X, . . . , TxkX〉.
In particular, for k ≤ k0 it holds that dim(〈Tx0X, . . . , TxkX〉) = (k + 1)n+
k−δk. This equality has a counterpart in the relative position of tangent spaces
to X . If, for example, δ1 = 1 then the tangent spaces to X at two general points
meet in just one point.
The following lemma is a direct consequence of Lemma 2.5:
5
Lemma 2.6. Let X ⊂ PN be a projective variety, k ≤ k0, and F k be the general
fiber of the k-tangential projection pik : X → Xk. Then dim(F
k) = δk − δk−1.
Proof. By Lemma 2.5, 〈Tx1X, . . . , TxkX〉 = TuS
k−1X for general u ∈
〈x1, . . . , xk〉. If x ∈ X is general, we have dim(〈TxX,TuSk−1X〉) = (k + 1)n+
k−δk. Then dim(Xk) = (k+1)n+k−δk−(kn+k−1−δk−1)−1 = n−(δk−δk−1)
and so dim(F k) = δk − δk−1.
The following lemma studies when a general tangent space to X intersects X
in codimension 1. This will be used in the proof of Theorem 1.4. The classical
reference to this result is [DP]. See also [CMR, Prop. 5.2] where smoothness of
X (at least in codimension two) is required in the proof.
Lemma 2.7. Let X ⊂ PN be a non-linear projective variety of dimension n ≥ 2.
For a smooth point x ∈ X define Dx as the (n − 1)-dimensional part of the
scheme X ∩ TxX. If Dx 6= ∅ for general x ∈ X, then X ⊂ 〈X〉 is either a
hypersurface or swept out by linear spaces of dimension n− 1.
Proof. Cutting with a general Pn−2 we reduce the statement to the case of
surfaces. Consider the family F = {Dx| x ∈ U} where U is the open subset of
the smooth part of X where Dx is non-empty (in fact U is the smooth part of
X by semicontinuity). Let us observe that dim(F) > 0, being X non-linear.
If dim(F) = 1 then for x ∈ U there exists a curve Lx ⊂ U such that
Dx = Dz for any z ∈ Lx, whence
⋂
z∈Lx
TzX ⊃ Dx. Hence either Dx is a line
or TzX = TxX for any z ∈ Lx. In the first case, the lines parameterized by F
sweep out X , otherwise the general TxX contains a fixed line, contradicting the
non-linearity of X . If the latter holds then the reduced structure of Dx is linear
as a consequence of the linearity of the general fiber of the Gauss map (see, for
instance, [Z2, Ch. I, Thm. 2.3]).
If dim(F) = 2 then for general z, z′ ∈ X there exists x ∈ X such that
z, z′ ∈ Dx. Since Dx is a plane curve then either Dx = P1 (and so X = P2,
a contradiction), or Dx is a plane conic, or deg(Dx) > 2. If the latter holds
then the general secant line to X is trisecant so that X ⊂ P3 by the well known
Trisecant Lemma (cf. [ACGH, p. 110]). If Dx is a plane conic then X is a
projective surface with a two dimensional family of plane conics so that either
X ⊂ P3, or X = v2(P2) ⊂ P5, or one of its projections into P4 (cf. [Se2]). But
these cases can be excluded because Dx is not a conic for general x ∈ X .
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3 The drop sequence and the defective sequence
of a projective variety
Let k ≤ k0 be a positive integer. The general k-tangential projection can be
written as a composition of 1-tangential projections in the following way. Given
a sequence of general points x1, . . . , xk ∈ X we consider the corresponding
sequence of tangential projections:
X p1
//
pik
))
X1 p2
// . . .
pk
// Xk ,
where p1 = pi1 is the tangential projection from Tx1X and pj+1 denotes the
tangential projection of Xj from Tpij(xj+1)Xj. Observe that pij = pj ◦ · · · ◦ p1,
for all 1 ≤ j ≤ k0, and Xk0 is linear.
Definition 3.1. Let X ⊂ PN be a projective variety. The sequence ζ(X) =
ζ := (ζ1, . . . , ζk0), where ζj is the corank of pj, is called the drop sequence of X.
Note that ζ1 = δ1. The sequence δ(X) = δ := (δ1, . . . , δk0) is called defective
sequence of X.
Let us introduce the following notation. Given a = (a1, . . . , ar) a sequence
of integers we will write da := (a1 − 0, a2 − a1 . . . , ar − ar−1) for the sequence
of first differences of a.
Remark 3.2. By Lemma 2.6 the relation between the drop sequence and the
defective sequence is ζ = d2(δ).
Example 3.3. A direct computation for v2(Pn) ⊂ PN(n) shows that k0 = n
and ζ = (1, . . . , 1) and for its projection from a point we get k0 = n − 1 and
ζ = (1, . . . , 1). See Example 3.9 for further examples.
Remark 3.4. For any sequence of non-negative integers z = (z1, . . . , zr) there
exists a projective variety X ⊂ PN such that ζ = z and k0 = r, as proved in
[CJ].
In the following subsection we recall some arithmetic properties of the de-
fective sequence of a smooth projective variety.
3.1 Additivity and superadditivity of the defective se-
quence of smooth projective varieties
We begin by using Lemma 2.2 to prove that, in the smooth case, δ1 cannot
decrease by linear projections.
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Proposition 3.5. Let X ⊂ PN be a smooth projective variety, V ⊂ PN a linear
subspace, pV the linear projection from PN with center V , and piV : X → Z the
corresponding rational map onto its image. If Z is not linear, then
δ1(Z) ≥ δ1(X).
Proof. For general z ∈ Z we set Xz := pi
−1
V (z). We first claim that T (Xz, X) (
S(Xz, X). In fact, T (Xz, X) is contained in the linear space p
−1
V (TzZ). On the
other side, if X ⊂ p−1V (TzZ), then piV (X) = Z ⊂ TzZ contradicting the non-
linearity of Z. It follows from Lemma 2.2 applied to each irreducible component
of Xz that S(Xz, X) has the expected dimension 2 dim(X)− dim(Z) + 1.
Considering the incidence variety:
I :=
{
(z, u) | u ∈ S(Xz, X)
}
⊂ Z × SX
p2
//
p1

SX,
Z
a dimension count tells us that dim(p1(p
−1
2 (u))) = δ1(X) for a general u ∈ SX .
It follows that p(u) ∈ SZ and its entry locus Ep(u)(Z) contains p1(p
−1
2 (u)).
Therefore δ1(Z) ≥ δ1(X).
Remark 3.6. Smoothness cannot be dropped in Proposition 3.5. Consider, for
instance, a 2-dimensional cone X ⊂ PN , N ≥ 6, whose vertex is a point and let
V = TxX for a general x ∈ X . Then δ1(X) = 1 and Z = X1 ⊂ PN−3 is not a
plane curve, so δ1(Z) = 0.
An immediate corollary of this result is what we call superadditivity of the
defective sequence (cf. [Z2, Ch. V, Thm. 1.8], having in mind that definitions
of δk do not coincide; see also [Z1] and [Fa] for a more general statement):
Corollary 3.7. Let X ⊂ PN be a smooth projective variety with drop sequence
(ζ1, . . . , ζk0). Then ζi ≥ δ1 for all i, and the defective sequence of X verifies the
superadditivity property δk ≥ δk−1 + kδ1. In particular if δ1 > 0, then k0 ≤
n
δ1
.
Proof. Note that pik(X) is linear if and only if k = k0. By Proposition 3.5
applied to the linear projection pik, ζk = δ1(Xk−1) ≥ δ1(X) for k ≤ k0. We
conclude by noting that δk = δk−1 +
∑k
i=1 ζi (see Remark 3.2).
In this note we are interested in varieties whose defective sequence satisfy a
stronger condition, that we call additivity.
8
Definition 3.8. We say that the defective sequence of a projective variety
X ⊂ PN is additive when δk = δk−1+kδ1 (equivalently δk = δ1
k(k+1)
2 ) for every
k ∈ {1, . . . , k0}, or, in other words, when the drop sequence ζ of X is constant
(equivalently dim(F k) = kδ1).
Example 3.9. The defective sequence δ is additive for the following 1-defective
varieties:
(i) The Veronese embedding X = v2(Pn) ⊂ PN(n). Note that Xk =
v2(Pn−k) ⊂ PN(n−k), δ1 = 1 and k0 = n.
(ii) The projected Veronese embedding X = v2(Pn) ⊂ PN(n)−1 (resp. X =
Bn ⊂ PN(n)−1). Now Xk = v2(Pn−k) ⊂ PN(n−k) (resp. Xk = Bn−k ⊂
PN(n−k)), δ1 = 1 and k0 = n− 1.
(iii) The Segre embedding X = Pa × Pb ⊂ P(a+1)(b+1)−1. Here Xk = Pa−k ×
Pb−k ⊂ P(a+1−k)(b+1−k)−1, δ1 = 2 and k0 = min{a, b}.
(iv) The Plu¨cker embedding X = G(1, r) ⊂ PN(r−1) of the grassmannian of
lines in Pr. In this case Xk = G(1, r − 2k), δ1 = 4 and k0 = r2 − 1 if r is
even or k0 =
r−1
2 if r is odd.
(v) The Cartan variety X = E16 ⊂ P26, where δ1 = 8 and k0 = 2.
Remark 3.10. Examples (i), (iii) with |a − b| ≤ 1, (iv) and (v) are the so-
called Scorza varieties (see [Z2, Ch. VI]). This list of examples shows that
Scorza varieties are contained in the class of varieties verifying the more general
property of additivity on its defective sequence. This suggests that a natural
further development of this theory is the classification of these varieties.
Remark 3.11. In examples (i)-(iv) we get non-finite sequences of varieties
{Xj}j∈N such that for any j ∈ N the k-tangential projection of Xj verifies
Xjk = X
j−k. It would be of interest to find some other examples of these
sequences.
If the codimension of X ⊂ PN is big enough, the defective sequence of X
verifies additivity.
Lemma 3.12. Let X ⊂ PN be a non-degenerate smooth projective variety of
dimension n. Then
N ≤ φ(n, k0, δ1) := n(k0 + 1)− k0(δ1 − 1)− δ1
k0(k0 − 1)
2
. (1)
Moreover, equality holds if and only if δ is additive.
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Proof. Let d denote the dimension of Xk0 . It follows from Lemma 2.6 and
Corollary 3.7 that
d = n− dim(F k0) = n− (δk0 − δk0−1) ≤ n− k0δ1. (2)
Since X ⊂ PN is non-degenerate Xk0 coincides with its linear span, whence
d = N − dim(Sk0−1X)− 1 = N − (k0n+ k0 − 1− δk0−1)− 1
≥ N − (n+ 1)k0 + δ1
k0(k0−1)
2 .
(3)
Joining (2) and (3) we get the desired result. For the second assertion, note
that equality in (2) and (3) holds if and only if δ is additive.
As a by-product of the previous lemma we obtain the following well known
bound (cf. [Z2, Ch. V, Thm. 2.3]).
Corollary 3.13. Let X ⊂ PN be a non-degenerate smooth projective variety of
dimension n. Assume δ1 > 0, and let r0 be the rest of n modulo δ1. Then:
N ≤
1
2δ1
(
n(n+ δ1 + 2) + r0(δ1 − r0 − 2)
)
.
In particular, N ≤ N(n) and this bound is sharp.
Proof. Note that, once n and δ1 are fixed, the maximum of φ(n, k0, δ1) is
achieved at k0 = (n − r0)/δ1. A simple computation provides the claimed
upper bound. For the sharpness just consider v2(Pn) ⊂ PN(n).
If we assume additivity of the defective sequence, we get some restrictions
on the singularities of the k-tangential projections of X :
Lemma 3.14. Let X ⊂ PN be a smooth projective variety. If δ is additive,
then Xk and S
kX are not cones for k < k0.
Proof. Assume Xk is a cone with vertex Vk over a variety X
′
k. The hypothesis
k < k0 implies that Xk is not linear, whence X
′
k is not linear. Moreover X
′
k is
the linear projection of Xk from Vk, so it is also a linear projection of X . Then
Proposition 3.5 implies that δ1(X
′
k) ≥ δ1(X). But using that
δ1(Xk) = δ1(X
′
k) + dim(Vk) + 1,
and that ζ1 = ζk+1 (whence δ1(X) = δ1(Xk)) since δ(X) is additive, we get the
contradiction
δ1(X) = δ1(Xk) > δ1(X
′
k) ≥ δ1(X).
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For SkX not to be a cone we have to prove that the following set is empty:
V :=
⋂
x1, . . . , xk+1 ∈ X
general
〈Tx1X, . . . , Txk+1X〉.
But since Xr is not a cone, then
⋂
xr∈X
〈Tx1X, . . . , TxrX〉 = 〈Tx1X, . . . , Txr−1X〉, for all r ∈ {2, . . . , k + 1}.
Recursively we obtain V =
⋂
x1∈X
Tx1X , which is empty since X itself is not a
cone.
Remark 3.15. If X ⊂ PN is a smooth variety but δ is not additive, then Xk
might be a cone for k < k0. Consider, for instance, an integer q ≥ 4 and a
rational normal scroll S1,q ⊂ Pq+2. Then X1 = S0,q−2 ⊂ Pq−1 is a non-linear
cone.
4 Proof of Theorem 1.4
First, we reduce the proof to the case k = n− 2.
Lemma 4.1. If Theorem 1.4 holds for k = n− 2, then it holds for any k < k0.
Proof. Recall that k0 ≤ n by Corollary 3.7.
Consider first k < n − 2. Assume that Xk is either v2(Pn−k) ⊂ PN(n−k)
or one of its projections into PN(n−k)−1. Then Xn−2 = pin−k−2(Xk) is either
v2(P2) ⊂ P5 or one of its projections into P4, respectively. Since by hypothesis
Theorem 1.4 holds for k = n− 2, then X is either v2(Pn) ⊂ PN(n), or v2(Pn) ⊂
PN(n)−1, or Bn ⊂ PN(n)−1.
Finally, if k = n − 1 then necessarily Xn−1 = v2(P1) ⊂ P2, so X ⊂ PN(n)
and its secant defect is additive by Lemma 3.12. It follows from Proposition 3.5
that Xn−2 ⊂ P5 is not a cone, whence Xn−2 = v2(P2) ⊂ P5 by Theorem 2.1(a)
and so X = v2(Pn) ⊂ PN(n).
The following result is the heart of the paper.
Theorem 4.2. Theorem 1.4 holds for k = n− 2.
Proof. We present the proof divided in several steps.
Set up: For general points x1, . . . , xn−2 ∈ X denote T := 〈Tx1X, . . . , Txn−2X〉,
so that piT : X → Xn−2 is the projection of X from T onto Xn−2. By hypothesis
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there exists a birational morphism α : Xn−2 → P2. Denote by M the linear
system α∗|OP2(1)| on Xn−2 and observe that the general Q ∈ M is a conic
Q ⊂ Xn−2. Let L(T ) be the 2-dimensional base component free linear system
on X defining the rational map α ◦ piT . Finally FTQ ⊂ X stands for the element
of L(T ) corresponding to Q.
Step 1: x1, . . . , xn−2 ∈ F
T
Q for every Q ∈M .
It suffices to show that T∩X has no (n−1)-dimensional components meeting
{x1, . . . , xn−2}. Suppose on the contrary that there exists an (n−1)-dimensional
irreducible component D ⊂ X ∩ T through one of the points, say x1.
Denote T ′ := 〈Tx2X, . . . , Txn−2X〉 and piT ′ : X → Xn−3 the correspond-
ing projection. Since x1, . . . , xn−2 are taken general and X * T , then
TpiT ′(x1)Xn−3 ∩Xn−3 has a 2-dimensional component piT ′(D) through piT ′(x1).
As Xn−3 is not a hypersurface (otherwise k0 = n − 2 = k), Lemma 2.7 im-
plies that it is swept out by planes. Hence Xn−2 is swept out by lines, and so
Xn−2 = B
2 ⊂ P4. Then, by Theorem 2.1(b), Xn−3 ⊂ P8 is either B3, contra-
dicting Lemma 2.7, or a cone, contradicting Lemma 3.14. This concludes Step
1.
Step 2: F := FTQ is 1-defective for general Q ∈M , and δ1(F
T
Q ) = 1.
First we prove that δ1(X) = 1. By Lemmas 2.6 and 3.12 we get
n− 2 = δn−2(X)− δn−3(X) ≥ (n− 2)δ1(X),
so δ1(X) = 1 and for y1, y2 ∈ F general points dim(〈Ty1X,Ty2X〉) = 2n and
dim(Ty1X ∩ Ty2X) = 0.
Now we claim that Ty1F ∩ Ty2F = Ty1X ∩ Ty2X . Denote r =
dim(〈Ty1F, Ty2F 〉) and s = dim(T ∩ 〈Ty1F, Ty2F 〉). Clearly Ty1F ∩ Ty2F ⊂
Ty1X ∩ Ty2X , whence dim(Ty1F ∩ Ty2F ) ≤ 0 or, equivalently, r ≥ 2n− 2.
On the other hand dim(〈TpiT (y1)Xn−2, TpiT (y2)Xn−2〉) = 4, so we get dim(T ∩
〈Ty1X,Ty2X〉) = 2n − 5. Since dim(〈TpiT (y1)Q, TpiT (y2)Q〉) = 2 it follows that
r − s − 1 = 2. Finally T ∩ 〈Ty1F, Ty2F 〉 ⊂ T ∩ 〈Ty1X,Ty2X〉, then s ≤ 2n − 5
and so r ≤ 2n − 2. Therefore r = 2n− 2 and dim(Ty1F ∩ Ty2F ) = 0, proving
the claim.
Step 3: The complete linear system L′(T ) containing L(T ) does not depend on
T .
We prove it first in the case n = 3. By assumption the general tangential
projections of X are isomorphic and we will identify them, via a fixed isomor-
phism, with a given one X1. Let x and y be two general points in X and we
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want to prove that L′(TxX) = L
′(TyX). Note that F
TxX
Q and F
TyX
Q are alge-
braically equivalent for any Q ∈ M . Hence it is enough to prove that there
exists F ∈ L′(TxX) such that piTyX(F ) ∈ M . We choose Qx ∈ M contain-
ing piTxX(y) and take F := F
TxX
Qx
. Note that x ∈ F by Step 1. Since y is
general, Step 2 implies that dim(TyF ∩ TzF ) = 0 for general z ∈ F , therefore
dim(piTyX(F )) = n − 2. Moving y ∈ F we construct an algebraic family of
divisors in X1 containing piTxX(F ) = Qx and Qy := piTyX(F ). Since algebraic
and linear equivalence of divisors in X1 coincide, it follows that Qy ∈M .
Now we use recursively the above argument in order to prove the general
case. Let us write
T := 〈Tx1X, . . . , Txn−2X〉, T
′ := 〈Ty1X, . . . , Tyn−2X〉,
where x1, . . . , xn−2, y1, . . . yn−2 are general points of X . Denote by Xn−3 the
(n − 3)-tangential projection of X from 〈Tx1X, . . . , Txn−3X〉 and consider the
tangential projections of Xn−3 corresponding to xn−2 and yn−2. Note that this
two points are smooth in Xn−3. Since Xn−3 is not a hypersurface and it is not
swept out by planes, we conclude that xn−2 ∈ Bs(L′(Txn−2Xn−2)). Thus we
argue as in the previous paragraph to deduce that
L′(T ) = L′(〈Tx1X, . . . , Txn−3X,Tyn−2X〉).
Recursively we obtain the desired result:
L′(T ) = L′(〈Tx1X, . . . , Txn−3X,Tyn−2X〉) = L
′(〈Tx1X, . . . , Tyn−3X,Tyn−2X〉) =
= · · · = L′(〈Ty1X, . . . , Tyn−3X,Tyn−2X〉) = L
′(T ′).
Along the rest of the proof we will write L′ := L′(T ) and
L :=
⋃
T
L(T ) ⊂ L′.
Step 4: L is a base point free linear system and the general FTQ is smooth and
irreducible.
First of all, we claim that dim(L) = n. Consider the incidence variety:
I = {(x1, . . . , xn−2, F ) | F ∈ L(T )} ⊂ V × L
p2
//
p1

L
V
where V ⊂ Xn−2 is the non-empty open subset defined by (n− 2)-uples in the
hypotheses of the Theorem. We have dim(V ) = (n − 2)n and dim(p−11 (v)) =
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2 for each v ∈ V . This implies that dim(I) = (n − 2)n + 2. Furthermore
dim(p−12 (F )) = (n − 2)(n − 1) for general F ∈ L, since we have shown in the
previous step that the image of F by the (n − 2)-tangential projection of X
is a conic for a general choice of points x1, . . . , xn−2 ∈ F . Hence dim(L) =
(n− 2)n+ 2− (n− 2)(n− 1) = n.
Now we prove that L ⊂ L′ is linear. By [Se1] it suffices to show that
L contains a 3(n − 2)-dimensional family G parameterizing the planes L(T ).
A dimension count shows that dim(G) = dim(V ) − (n − 2) dim(XT ), where
XT = {x ∈ X | TxX ⊂ T }. We claim that dim(XT ) ≤ n − 3. Consider Xn−3
the (n − 3)-tangential projection of X from general points x1, . . . , xn−3 ∈ XT
and Fn−3 its general fiber. Observe that dim(Fn−3) = δn−3 − δn−4 = n− 3 by
Lemma 2.6 and Lemma 3.12, having in mind that necessarily 1 = ζ1 = · · · =
ζn−2. If dim(XT ) > n − 3 = dim(Fn−3) then Xn−3 is developable, that is the
general tangent space is tangent along a subvariety of positive dimension, and
not a cone by Lemma 3.14. Hence, by Theorem 2.1, Xn−3 is contained in a
4-dimensional cone over a curve so that Xn−2 is a cone, contradicting again
Lemma 3.14. Hence dim(G) ≥ (n − 2)n− (n − 2)(n− 3) = 3n− 6, as claimed,
so that L ⊂ L′ is linear.
Once we know that L is linear Step 3 implies that Bs(L) ⊂
⋂
T BsL(T ) ⊂⋂
u∈Sk−1X TuS
k−1X = ∅ by Lemma 3.14. Hence L is base point free and we
get the first assertion in the statement of Step 4. Finally, applying Bertini’s
Theorems [H, II Thm. 8.18 and III Ex. 11.3] to L we get the smoothness and
irreducibility for the general F ∈ L.
Step 5: End of the proof
We prove the theorem by induction on n. If n = 3 then the result is a
consequence of Theorem 2.1(b).
We prove it for n. Let F ∈ L be a general element and x1, · · · , xn−2 general
points in F . By Steps 4 and 2 F is smooth, irreducible and δ1(F ) = 1. In
particular its defective sequence δ(F ) is superadditive by Corollary 3.7. Denote
T ′ = 〈Tx1F, . . . , Txn−2F 〉. We claim that T
′ = T ∩ 〈F 〉 and in particular the
(n− 2)-tangential projection of F from T ′ coincides with piT |F . Note first that
T ′ ⊂ T ∩〈F 〉, and so piT |F factors through piT ′ . Since dim(piT (F )) = 1 it follows
that δ(F ) is additive. By Lemma 3.12, since δ1(F ) = 1 and k0(F ) = n − 1
then dim(〈F 〉) = N(n − 1). Hence Fn−3 = v2(P2) ⊂ P5 as in the proof of
Lemma 4.1. By induction F = v2(Pn−1) ⊂ PN(n−1). The linear system L
on X defines a map ϕ : X → Pn. Note that ϕ is a birational map since its
restriction ϕ|F : F = v2(Pn−1) → Pn−1 is an isomorphism. The birational
inverse ϕ−1 : Pn → X is defined by a linear subspace |V | of |OPn(a)|. Since
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ϕ−1|Pn−1 : P
n−1 → F is given by |OPn−1(2)|, it follows that a = 2.
If Xn−2 = v2(P2) ⊂ P5 then |V | = |OPn(2)| by a count of dimensions, whence
X = v2(Pn) ⊂ PN(n).
If Xn−2 ⊂ P4 is a projection of v2(P2) ⊂ P5, then |V | is a codimension 1
linear subspace of |OPn(2)|. ThereforeX ⊂ PN is a projection of v2(Pn) ⊂ PN(n)
from a point. Finally, since X is smooth, this point is either general in PN(n)
or a point of v2(Pn), as stated in Theorem 1.4.
5 Proof of Theorem 1.3
In this section we prove Theorem 1.3. We first show that the defective sequence
of X in the hypotheses of the theorem is additive. This allows us to apply
Lemma 3.14 to the (n − 2)-tangential projection of X and the result follows
from Theorem 1.4.
Lemma 5.1. Under the hypotheses of Theorem 1.3 it follows that the defective
sequence of X is additive and either N = N(n)−1 and k0 = n−1, or N = N(n)
and k0 = n.
Proof. Using Lemma 3.12, under the hypotheses of Theorem 1.3 we get
N(n)− 1 =
n2 + 3n− 2
2
≤ N ≤ n(k0 + 1)−
k0(k0 − 1)
2
,
which implies k0 = n−1 or n. If k0 = n−1 the inequalities above are equalities
and additivity holds by Lemma 3.12. If k0 = n, we have two possibilities: either
N = N(n) and additivity holds, or N = N(n)− 1. But in the second case δ is
not additive and the drop sequence is (1, . . . , 1, 2). Therefore, Xn−1 is a curve
of defect 2, hence linear, contradicting k0 = n.
Proof of Theorem 1.3. From Lemma 5.1, we get the following two possibilities:
If N = N(n) then Xn−2 ⊂ P5 is a defective surface. From Theorem 2.1(a)
and Lemma 3.14 it follows that Xn−2 = v2(P2) ⊂ P5. Now Theorem 1.4 applies
so that X = v2(Pn) ⊂ PN(n).
If N = N(n) − 1 then Xn−3 ⊂ P8 is a defective threefold. It follows from
Theorem 2.1(b) that Xn−3 ⊂ P8 is either a cone over a surface, or is contained
in a 4-dimensional cone over a curve, or is a projection of v2(P3) ⊂ P9. In the
first two cases Xn−2 is a cone, so they are again discarded by Lemma 3.14. In
the latter case Xn−2 ⊂ P4 is a projection of v2(P2) ⊂ P5. Then we conclude
again via Theorem 1.4.
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Finally we reformulate Theorem 1.3 in the following way, that provides fur-
ther motivations to the suggestion presented in Remark 3.10:
Corollary 5.2. Let X ⊂ PN be a non-degenerate smooth 1-defective projective
variety of dimension n. Assume δ is additive. Then:
(a) If k0 = n > 1, then X is v2(Pn) ⊂ PN(n).
(b) If k0 = n− 1 > 1, then X is either v2(Pn) ⊂ PN(n)−1 or Bn ⊂ PN(n)−1.
Proof. It follows from Corollary 3.7 and Lemma 3.12 that N = n(k0 + 1) −
k0(k0−1)
2 . Hence N ≥ N(n)− 1.
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